We establish an uncertainty principle over arbitrary finite groups, generalizing those of Donoho, Stark and Meshulam. Specifically, we show that if Π is a projection operator on the group algebra C[G] that commutes with projection onto each group element, andΠ is a projection operator that commutes with the right G-action on C[G], then ΠΠ 2 ≤ rk Π × rkΠ/|G|.
Introduction
Uncertainty principles assert, roughly, that a function and its Fourier transform cannot be simultaneously highly concentrated. One example of this is the well-known Heisenberg uncertainty principle concerning position and momentum wavefunctions in quantum physics. Several uncertainty principles have also been formulated for functions from a finite abelian group G to the complex numbers C. The most basic of these is an inequality which relates the sizes of the supports of f and its transformf to the size of the group. It states that |supp f | · |suppf | ≥ |G| , (1.1) unless f is identically zero. We can also view (1.1) as a statement about the linear operators on C[G] = { f : G → C} which project to the supports of f andf , replacing support with rank. In light of this, it is natural to ask if a similar fact holds for any pair P S and R T , where P S projects to S ⊂ G and R T projects to T ⊂ G. Indeed, a generalized uncertainty principle for finite abelian groups states that
where · denotes the operator norm. The relationship between the operator norm and functions on G makes this version relevant to the informal notion of an uncertainty principle. Moreover, we can recover 1.1 from the above by letting S = supp f and T = suppf , and noting that R T P S · f = f . The above principles were proved for the real and finite cyclic case by Donoho and Stark [3] and extended to σ -finite locally compact abelian groups by Smith [5] . For a nice exposition of these results for finite abelian groups, see Terras [1] .
In this article, we study generalizations of these bounds to general finite groups. We first prove that the natural analogue of (1.2) still holds when G is the collection of irreducible representations of G. We then refine this bound by establishing an uncertainty principle for a wider class of projection operators, which may operate inside the spaces of the various irreducibles representations of G. This principle is a generalization of a theorem of Meshulam [7] , and subsumes the previously mentioned results for finite groups.
Preliminaries
Given a finite group G, let G denote the collection of inequivalent irreducible representations of G. See Serre [2] for an introductory treatment of the representation theory of finite groups. For a function f ∈ C[G] and a representation ρ of G, the Fourier transform of f at ρ is defined bŷ
where d ρ is the dimension of the representation space of ρ. This normalization makes the Fourier transform unitary with respect to the inner product
The corresponding Fourier inversion formula is
where A † is the adjoint of A. Given a basis for C[G], we can write A as a matrix (a i j ) . The L 2 -norm of A can then be computed by
The operator norm of A is defined to be
Since A † A is self-adjoint, its eigenvectors form a basis of C[G]. Further, its eigenvalues are all real and nonnegative. It is not hard to see that A 2 = max{λ : λ an eigenvalue of A † A}. We thus have A ≤ A 2 , which allows us to find bounds like (1.2) simply by computing the L 2 -norm.
A weak uncertainty principle
Our first uncertainty principle will bound the operator norm of projection to a subset of G, followed by projection to a subset ofĜ. Given S ⊂ G, the action of the time-limiting operator P S on f ∈ C[G] is simply
Similarly, given T ⊂Ĝ, the band-limiting operator R T acts by Fourier transforming first, then projecting to T , and then transforming back:
Note that an equivalent definition of R T is that it is a projection operator which commutes with both the left and the right G-actions on C[G]. To see this, recall that C[G] decomposes into a direct sum of bi-G-invariant subspaces A ρ , one for each irreducible representation ρ ofĜ. Since C[G] is semisimple and finite-dimensional, each A ρ is in fact a matrix algebra. By separately considering the left and the right G-actions, one arrives at two distinct decompositions of each A ρ , corresponding to the rows and the columns. While distinct, both decompositions are equivalent to a direct sum of d ρ copies of ρ. We thus refer to A ρ as the ρ-isotypic subspace of C [G] . In particular, we see that projection operators on C[G] which commute with both the left and the right G-action are exactly those which restrict to either 1 1 or 0 on each A ρ .
We are now ready to state the first version of an uncertainty principle for arbitrary finite groups.
Theorem 1.
Let G be a finite group. Let P S and R T be the projection operators onto S ⊂ G and T ⊂Ĝ, respectively. Then
Proof. The inequality follows from our discussion of norms in Section 2. To prove the equality, we will determine the matrix entries of R T P S in the basis consisting of delta functions on G, and then compute the L 2 -norm directly. Consider R T P S applied to an arbitrary function f on G:
The term in the brackets is exactly the entry of the matrix indexed by x and y. We can thus directly compute the L 2 -norm as follows:
The term in brackets is the inner product of the characters of ρ 1 and ρ 2 , which is |G| when ρ 1 = ρ 2 and zero otherwise. We thus have
Note that when G is abelian, this theorem reduces to ( To compute the right hand side, observe that for any x ∈ G,
Computing the L 2 -norm, we have
Together with (2.1) and Theorem 1, we have
A stronger uncertainty principle
In the weak version of the uncertainty principle above, the band-limiting operator R T must project onto a subset ofĜ (that is, onto the subspace of C[G] spanned by all copies of a given set of irreducible representations of G). As the ρ-isotypic subspace of C[G] corresponding to the appearances of a given representation ρ may be large, it is natural to ask if the bound above can be extended to apply also to operators that project into strict spaces of the isotypic spaces. We shall focus on a broader class of band-limiting operators given by collections R = {Π ρ } of projectors, one for each representation ρ ∈Ĝ, so that each Π ρ projects onto a (possibly trivial) subspace of the representation space of ρ. Our previous definition of R T is now a special case, where Π ρ = I for ρ ∈ T and Π ρ = 0 for ρ / ∈ T. The action of R on some f ∈ C[G] is given by
We remark that defining the band-limiting operator R as above is equivalent to requiring that R be a projection operator on C[G] which commutes with the right G-action. Indeed, by Schur's lemma, each ρ-isotypic subspace of C[G] is invariant under such a projection operator. Moreover, its restriction to any ρ-isotypic subspace takes the form 1 
We remark that setting Π ρ = I for every ρ yields the usual inner product of characters of irreducible representations, as a special case.
Proof. When ρ 1 = ρ 2 , the result follows from the orthogonality of the Fourier basis functions. The two trace terms are linear combinations of such functions, and hence their product is zero. Now suppose the two irreducibles are equal, and let ρ = ρ 1 = ρ 2 . Then
We observe the following property of the operator J = ∑ x∈G ρ(x) ⊗ ρ(x −1 ) :
where we have used the substitution y = hxg −1 . Letting K be the interchange operator
which by Schur's Lemma means that JK is a homothety. Since K is its own inverse, we conclude that J = λ K for some scalar λ . To determine λ , we first compute the trace of J:
Now let B be an orthonormal basis for the space of ρ, consistent with the projector Π ρ . We can then compute the trace of K as follows:
Hence λ = |G|/d ρ . Returning to our original computation, we now have
We are now ready for an improved version of the uncertainty principle.
Theorem 2. Let G be a finite group. Let P S and R = {Π ρ } be time and band-limiting operators. Then
Proof. We proceed as in the previous proof, first determining the matrix entries of RP S in the basis of delta functions on G. We then compute the L 2 -norm directly. 
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